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&} 





X 





&, 







[an, bn] 



& 


lx 



wl [an+1, bn+1] 


[an, bn] 


0 < 
− 




{ 


n→∞(bn − an) < 
− 




{ 


n→∞ 
b1 − a1 


2n−1 
= 0 



xl 




8 


j: 





∞ 



n=1 
[an, bn] = {a} 






|C 


lx,s 




{ 


n→∞ an = a 



1.2 
L´IMITES DE FUNCIONES 


Nomenclatura y deﬁniciones 




D 






|A-A@ 



| 
f: D → 



lxTw 


|A 
funci´on real de una 
variable real 


sl 
dominio D 




4,| 





f(D) = {f(x): x 
D} 




xl 


}S 
conjunto imagen 


s rango 


recorrido 


l 


S< 



|C 



| 
f 




0| 






G(f) = 


x, f(x) 
m : x 
D 



2 





 


lxl 




¦C 


lal 




 plano cartesiano 


s*lx 


S 


gr´aﬁca 


l f 




l y = f(x) 





| 
a 



ε > 0 




bola abierta de centro a y radio ε 




entorno abierto sim´etrico del punto a de radio ε 


lxl 


}| 


y%l 


} Bε(a) = 
(a−ε, a+ε) 




lPy 





l x 
Bε(a) ⇔ 


S x − a 


S < ε 




 bola cerrada de centro 
a y radio ε 


lx`l 


}| 


y%l 


&} 
Bε(a) = [a − ε, a + ε] 





S& 
entorno de a 







xw 


¦d| 





E 


l 




wl 


| 


y%l 






|A<¦ 
Bε(a) 


| 
ε > 0 




 E 


lxw 






8%| 


l 
a 


sl 


0| 





E 
; = E − {a} 


lxw 


entorno reducido de 
a 



8 





DC} 


s B 
;ε(a) = (a − ε, a) 
(a, a + ε) 


sAw 


|C 



| 


lG 



x semientornos 
reducidos de a 


s§[xlay 





l x 
B 
;ε(a) ⇔ 0 < 


S x − a 


S < ε 





f 



|A- 



|C 



| 


l 


Û|C 











8%|I 


lw 


, 




l 


4 





a 






%8CS 




xPxl 


T 





8%| 




lw 


 




xPl a 


s*§ 
l 



|[| 





%K 



& 



&| 



=6 ε > 0 


5 δ > 0 



#¤ 


wl 
x 
B 
;δ(a) ⇒ f(x) 
Bε(l) 


sxl" 


 




wl[l 


 l´ımite de f(x) 
cuando x tiende a a existe y es l 


slx 


X%¦C 






xl 




{ 


x→a f(x) = l 





&| 



6 ε > 0 


5 δ > 0 



¤ 


wl x 
(a − δ, a) ⇒ f(x) 
Bε(l) 


sCxl 


 




wl 



 l´ımite de f(x) cuando x tiende a a por la izquierda existe y es l 
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lx 


%ª¦A 






xl 




{ 


x→a− f(x) = f(a−) = l 





&| 



6 ε > 0 


5 δ > 0 



&¤ 


wl 
x 
(a, a + δ) ⇒ f(x) 
Bε(l) 


sxl 


} 




wlGl 


 l´ımite de f(x) cuando x tiende a a por la derecha existe y es 
l 


sdlx 


%¦C 






xl 




{ 


x→a+ f(x) = f(a+) = l 










% 


x f(a−) 


f(a+) 



|I} 



l´ımites laterales de f en a 




l`y 









{} 


x→a f(x) = l ⇐⇒ 


5 f(a−) = l 



5 f(a+) = l. 



T}DC}@ 



| 



@S  


l 







lx#y 


%S: 
e 
?@STST}Ú¤ 








s1xl 


ε > 0 


Û; 



84S 


xv¥ 


 




ylx 



x,s 



5 δ1 > 0 



&¤ 


wl 
oS f(x) − l 


S < ε 



 x 
(a − δ1, a), 


5 δ2 > 0 



&¤ 


wl 
oS f(x) − l 


S < ε 



 x 
(a, a + δ2); 



wl,u 




&| 



δ = 




{}| {δ1, δ2} 


sxl`y 







wl x 
B 
;δ(a) ⇒ 


S f(x) − l 


S < ε 




| 




lx 




S& 


l 


| 


l,¨ 



x;yl 


|CS 


l 




{  


y%l`l 




| 





 a 





% 





1¤ 


wl 


|h 



|C}|A&} 




yl xlT 


 




wClDl 


¿ 



{  


y%l lx inﬁnito 


sd§BxlTlx 


X%¦ 





{} 


x→a f(x) = 


+∞ 



Y& 


yl 


%|A 



 




y%l 
−∞ 



sPlx 




&| 



3* 



 




wl 


6 M > 0 


5 δ > 0 



& 



wl 
x 
B 
;δ(a) ⇒ f(x) > M 



f(x) < −M 


X 





wll 




 


l 


ÛC|}| 


lx 


8 


lx 


| 






y%lx 


X 



{}T 


y%lx 


S 


y%l 


X& 


lx 


}|ÛC| 








xxl 


 ª 






x (M, +∞) 



wlu 


| 



A1 




l?l 




8%| 


x0l +∞ 



t#x,z 




ÛC|A&£ 





ylsxll 


ÛC| 





&G¦C 






{ 


x→+∞ f(x) = l ⇐⇒ 


6 ε > 0 


5 M > 0 



&¤ 


wCl x > M ⇒ f(x) 
Bε(l), 




{ 


x→+∞ f(x) = +∞ ⇐⇒ 


6 M1 > 0 


5 M2 > 0 



&¤ 


wl x > M2 ⇒ f(x) > M1, 


§[l 


Û|}| 


lx 


&| 



&} 





| 
−∞ 



|J 



&¤ 









} 



|[ 




l +∞ 



Ejemplos 


1.— 




{ 


x→0 


xl 


| x 
x 
= 1 





xy 


G%8¦1%}D1 x → 0+ 




wlx 




{ 


x→0− 


xl 


| x 
x 
= 




{ 


y→0+ 


xl 


| (−y) 
−y 
= 




{} 


y→0+ 


xl 


| y 
y 
, 



K¤ 


wClxl 


| (−y) = − 


xl 


| y 




X x 


0, π 


2 




|- 


uw 







u8l 


 


ly 


% 


l 


D1X@ 



| 


l 


| 




y%wClx 


§Nz 


 




xv 



sl 


|[C%} 



# 


wCu 


 



 


x4lx 



uw 


& 




lx4xl 


| x < x < 


yu x 




wl 


 







8 


xl 


| x > 0 



| 
1 < 
x 


xl 


| x < 
1 


 


x x 





|* 








x,s 


, 


x x < 


xl 


| x 
x 
< 1 


s]l 



| 


lxlx 



uwCl 
1 − 


, 


x x > 1 − 


xl 


| x 
x 
> 0 



cl 


% 



T 


xl 


| x < 1 



1 − 


 


x x = 2 


xl 


| 2 
p x 


2 
< 2 


xl 



p x 


2 
< 2 


p x 


2 
= x , 
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wl,u 






ε > 0 


Û; 


s*y 


&| 



δ = ε 





&| 



0 < x < δ 


xlay 









xl 


| x 
x 
− 1 




r = 1 − 


xl 


| x 
x 
< x < ε . 


2.— 



G 



|C 



| 
f(x) = 


xl 



j 1 


x 



sl 


ÛC| 



1X x 
9= 0 



| 









{}T 


ylGl 


0 




¿%8¦C 



 


lxal 




& 




yl 


& 


l 


 


l¨ 



xyl 


|AS 


l 




{ 


y→+∞ 


xl 


| y 



l 


&T 




wClalx;y%l 




{  


y%l 


|CK 


wCllaxl 


4|}| 


uz 


|"| 





%D 



&: 




l 





&¤ 





X* 



D¦ 


l − 1 


2, l + 1 


2 



| 


wll 


| 


y%l 




TSD 




} 








x 0 


1 





% 





" 



&¤ 





 M > 0 










xKj y = nπ 



| 
n 


|* 



| 




yl 





y%lTu 


X&| 


l 



l 


S 


xl 


 ª% 





(M, +∞) 



8| 


lKl 



xl 


|<& 


0 





% 








x`j y = (4n + 1)π/2 




| 


l 


& 


l 1 



Propiedades de los l´ımites 



|KS 



C%8C 


l 



lxcx 



uw 





y%lx¿xl 


 





{&|D| 




l 


X18 







1 


y%lx 




{} ª£ 


y%lxPx 


S 




y%l 


S 


y%l 


X& 


lx,sl 


|[ 


w§ 


T 



K 




lxw 









wCl#l,¨ 


| 



|<S 


xl,uw 






S 


yl 


X 



X 


xl 




TC}ª 



{S&| 



|K8 


lx 


| 






y%lxcxl 


T 





8%| 




lw 


 









wll 


xl 


|ASa¤ 


wls 




|C¤ 


wlGxlDxwl 





l 


T 


x;y 


a 



%8C 


l 



lx 


X 
a 




 





{S 


xl 




&G¦C 



a = 
s ∞ 


§y 






 




lxw 







xPxl 




DC} 



{&| 







|C}| 


lx f, g 



ly 


8 


sxlxw 


| 




l 


ÛC| 




xPl 




|"  



T 





8%|D 


lw 


, 




l a 



1.— 
tvuwyx-wyz"{ z|z }
~~O 
wyw} 


ê 



{ 


x→a f(x) 


lx;yz 


D¦C 




l 


Û|C 




sAlx?l 


,ª¤ 


wlKx 



l¨ 



x;y%l 


lxvw 




|D&}8 



}|C 


wCx 





lx +∞ 


−∞ 


X 


2.— 
u}O{x"w 
uz }O~wyu\}-u u}
u" @ u}
z  x"wz 




 



{ 


x→a f(x) = l > 0 






|C 


lx 


5 δ > 0 



&¤ 


wl f(x) > 0 


6 x 
B 
;δ(a) 



3.— 
x {x"w 
u}
u u}
u"uh}
z  x"wz 








{ 


x→a f(x) 


s1l 




|C 


lx 


5 δ > 0 



M 



& 


lx 



wl 
S f(x) 


S < M 


6 x 
B 
;δ(a) 



4.— 
 {@={ ~~
 
wyw}R}-u@O}
"{x-wyu}
{~@}
-"{ wyx-{@ 





| 





P¤ 


wl 




{ 


x→a f(x) = 


l1 





{ 


x→a g(x) = l2 


sxlay 






|ê 



V4 


{ 




{ 


x→a 


f(x) 
g(x) 
m = l1 


l2 



t4l 





x,s ∞ + ∞ = ∞ 


−∞ − ∞ = −∞ 




}V 


"@z@x- c 




{} 


x→a 


f(x)g(x) 
m = l1 l2 



t4l 





x,s ∞ 
 ∞ = ∞ 




ÀÌ,¼;ú¼Ç»]º 


Ëü 


º5½À¼iÃZø 


∞ − ∞ 


0 
$ ∞ 


∞ 
∞ 
0 
0 


∞0 
00 
1∞ 



}}V 


 x"w}
u"}  



 l2 


9= 0 





{} 


x→a 
f(x) 
g(x) = l1 


l2 



t4l 





x,s 
l1 
∞ = 0 



}|C 


wCx 




 l1 = 0 


á 
l1 
0 = ∞ 



& 



 l1 = 0 




C 


 }
ux"w{ 



 f(x) > 
− 0 









8%| 


l1 


9= 0 





{} 


x→a 
¡ f(x) 


g(x) = ll2 
1 
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t#l 





x,s (+∞)+∞ = +∞ 


s (+∞)−∞ = 0 


s r+∞ = 


+∞ 



 r > 1 



0 



 0 < 
− r < 1 



r−∞ = 


0 



 r > 1 



+∞ 



 0 < 
− r < 1, +∞r = 


+∞ 



 r > 0 



0 



 r < 0 


0r = 


0 



 r > 0 



+∞ 



 r < 0 



5.— 
¢a£}-uBw 
uz@}Rz }-wy@{ ~¤z"{ z@}
 




V 



 f(x)< 
−g(x) 


jl 


}|C 


wCx 




S 


lx 



uw 


& 





lxvx 




D 


lalx;y 


% 



 
Q6 x 









8%|K 


lw 


 




l a 


s*§l¨ 



x;y%l 


|"} 


xv 






{  


y%lx 




uw 





y%lx,sCxlay 








{} 


x→a f(x) < 
− 




{} 


x→a g(x) 




V¥ 


}
@~¤{z }O~B{@u"z¦4wyx"§ 




 f(x) < 
− g(x) < 
− h(x) 


6 x 









8%|Ca 


lw 


, 




l a 


s§l¨ 



x;y%l 


|<} 





{}T 


y%lx 




&| 



 x 






l 


 a 


l f(x) 


§l h(x) 


§x 


| 


uw 


& 


lx 


&¦ 



 l 


sl 




|C 


lxPy 


&G¦C 







{ 


x→a g(x) = l 




po<´&n,Ò±r@­²*· 
´qµCp 1 




8 


lw 


, 



|T¦ 


xw 




 



 f(x) 






lP 






{}T 


y%lx l1 < l2 





d 





a 



,8| 




l 


X&| 



ε = 1 


2(l2 − l1) > 0 


sxl`y%l 






{S 



5 δ1 > 0 



&¤ 


wl 
oS f(x) − l1 


S < ε 



 x 
B 
;δ1(a), 


5 δ2 > 0 



&¤ 


wl 
oS f(x) − l2 


S < ε 



 x 
B 
;δ2(a); 



wl,u 




&| 



δ = 




{| {δ1, δ2} 


sxlIy 







wl 
x 
B 
;δ(a) ⇒ 


S f(x) − l1 


S + 


S f(x) − l2 


S < l2 − l1 



cl 


% 


S f(x) − l1 


S + 


S f(x) − l2 


S > 
− 




f(x) − l1 


m − 


f(x) − l2 




r = l2−l1 



¦ 


xw 




 



¼iÃº 
]@Á 



Å5Ì 



Ì4úÇº 



À] 
8ÁÅ 



Ç:ø 


U a 
b 


< 
− 


U a 


U + 


U b 




po<´&n,Ò±r@­²*· 
´q)µp 5 



VX 



XK 



 x 









8%|D 


lw 


 




l a 



| 


lalx;yz 


&| 


l 


ÛC| 





S 





|C}| 


lxs 


S g(x) − l 


S = 


S g(x) − l + f(x) − f(x) 


S < 
− 


S g(x) − f(x) 


S + 


S f(x) − l 


S , 




% 


S g(x) − f(x) 


S = g(x)−f(x) < 
− h(x)−f(x) = 


S h(x) − f(x) 


S < 
− 


S h(x) − l 


S + 


S f(x) − l 


S , 



wl,u 



S g(x) − l 


S < 
− 


S h(x) − l 


S + 2 


S f(x) − l 


S . 





ε > 0 


sS h(x) − l 


S < ε 


3 



 x 
B 
;δ1(a) 


s§ 
«S f(x) − l 


S < ε 


3 



 x 
B 
;δ2(a) 




 x 
B 
;δ(a) 


,8| 
δ = 




{}| {δ1, δ2} 


sxl`y 





l¬S g(x) − l 


S < ε 




|ùS 


xl 


,, 



| 




uw 





y%l 



wCl 


 



|ù} 


wCxy 


X 





S 


x"l 


T 


x;y 


X@}8| 


lx"l 


S 



%8C 


l 



lx 2 


s 3 


4 



VM­ 



}VX]á 



|"S 





}KS 


l 4 



ªA 
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Deﬁniciones 




 f 



|AG 



|C 



|[ 



& 


l 


ÛC| 











8%| 
E 


l a 





l 


 




wl f 


lx continua en a 




&| 




Í® 






⇒ 






S 





{ 


x→a f(x) = f(a) 


slx l 


 


sPx 


v6 ε > 0 


5 δ > 0 



&#¤ 


wl 
f 


Bδ(a) 



Bε 


f(a) 
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sl 




& 




y%l 





y%ls 




&| 





}V 



XG 



&}¤ 






xw 



lx 




| 
(xn) 


E 



wl 




ªÛA¤ 


wl 




{ 


n→∞ xn = a 


sxl`y 








{ 


n→∞ f(xn) = f(a) 




|[%} 



4 


wu 


v 



  



S 





 



|AS 


l 


G¦1 


xvl 


Û|}| 


lx 




V ⇒ 



}V 




(xn) 
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¦C 


ll 


I 


f 
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l 
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4  



|C 



| 
f 


lx`l 


%¦C 


lKl 






x 
9= 0 



,| 


l 


%ª 




f 


8 (x) = 2 


xl 



õ 1 


x 
− 2 


x 


, 


xRõ 1 


x 
− 1 


x2 


xl 



õ 1 


x 
, 


2.2 C ´ALCULO DE DERIVADAS 
49 


lP 


| 


l 



lxw 




 f 


1 


2nπ 


m = −4nπ < 0 
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Reglas generales de derivaci´on 


Proposici´on 1. 
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| 


lKx 


| 


l 
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|C 


lx 
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&| 
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a 
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g) 
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C 
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| 


l 
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h 
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h 
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, 


l¨ 
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w§ 
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l 
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Proposici´on 2 (Regla de la cadena). 




&| 
f 


l 


ÛC| 







|J| 


yl 


&} 
J 



l 


%ª¦C 


lGl 


a 
J 


s§ 
g 


l 


ÛC| 







|}| 


yl 


&} 
I 
f(J) 


§Jl 


%¦C 


lGl 
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dx 
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g 
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f(a) 
m + o(k) , 


1X 
h 
Bδ(0) 
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l 
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l 
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h 




xu 




ÛC 
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Proposici´on 3 (Derivada de la funci´on inversa). 
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Derivada n–´esima de un producto: Regla de Leibniz.— 
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Derivada de las funciones elementales 
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Funci´on potencial de exponente entero.— 
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Funciones logar´ıtmica y exponencial.— 
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Derivaci´on param´etrica e impl´ıcita 
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Ejercicios suplementarios 


1. Los n´umeros de Bernoulli y de Euler. 
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wAx 


| 



1 + 


yu 2 x = ( 


y%u x) 




8 





DC} 
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wl 


1X m, n 
2H 


,8| 
m 
9= n 


sxlay 






2π 


0 


xl 


| (mx) 


xl 


| (nx) dx = 0 . 


92 C´ALCULO INTEGRAL 


3.– 




y%l,u 


X& 


lx 
P(x) 


xl 


| (ax) 


, 


x (ax) dx 



eax 


xl 


| (bx) 
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Otras f´ormulas de reducci´on, por partes 
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x = 1 
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M´etodo de Hermite 
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Funciones irracionales 


1.– 




y%l,u 


X& 


lxl 




 
R 


p x, xn1/d1, . . . , xnk/dk 


dx 


s8 


| 


l 


} 


x ni/di 




R 


lxPw 


|AG 



|C 



|[X@}|A 


l k + 1 


%¦C 


lx 




la¥ 


& 


ll 


&¦C} 
x = tM 


s 


| 


l M = 


 
(d1, . . . , dk ) 



Ejercicio. 


P&} 



#SG}| 


y%l,u 


X& 
1 


3 



1 + x − 
4 



1 + x dx 



2.– 




y%l,u 


X& 


lxl 




 
R 


p x, yn1/d1, . . . , ynk/dk 


dx 


s 


| 


l 


} 


x ni/di 



±Is y = ax + b 


cx + d 


,8| 
ad−bc 
9= 0 


s&§ R 


lxw 


|1P 



|C 



|GX@}|A& 


l k+1 


%S¦C 


lx 




la¥ 


& 


ll 


&¦C} 
y = tM 


s 


| 


l M = 


 , 
(d1, . . . , dk ) 



Ejercicio. 


P&} 



#SG}| 


y%l,u 


X& 


õ x + 1 


x − 1 


1 
3 
1 


x + 1 dx 



3.– 




y%l,u 


X& 


lx?l 




 
R 


p x, 


ax2 + bx + c 


dx 



| 


l R 


lx#w 


|AD 



|C 



| 


X@}|A& 


l 




%S¦C 


lx 
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&} 


[a, b] 
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6 P 


s(f, P) = 0 ⇒ 
b 


a 
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|C 
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Condiciones suﬁcientes de integrabilidad. Ejemplos 
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? 




 





|CS& 



|J 




xw 


¦C| 


yl 


&} 



F(b) − F(a) = 


n 


j=1 


F(xj) − F(xj−1) 
= 


n 


j=1 
f(ξj)(xj − xj−1) , 


}-¤ 


wllxw 


|A 


xw 


 


l 


v 



&|| 


s¿ 




&T 


x σ(f, P) 


B08  
s(f, P) < 
− σ(f, P) < 
− 
S(f, P) 


f 


lx 


}| 


yl,u 


X¦C 


lsxlx 



uwl 


SK,8|A 


wCx 




| 


Consecuencias. 



S 





8% 



S 


l 
integraci´on por partes 


> 



 u, v 



| 


l 


%ª¦C 


lxvl 


[a, b] 


u 
8 , v 
872 


[a, b] 


sxlay 






b 


a 
uv 


8 + 
b 


a 
u 


8 v = u(b)v(b) − u(a)v(a). 



}S 





@ 



S 


l 


 cambio de variable 


> 




 u: [a, b] → [α, β] 


lx;y 


% 



& 




yl 


 8| 





|A 


s¿l 


%¦C 


l§ 


,| 


l 


ª 



u 
842 


[a, b] 



xl 


f 


,| 



}| 





[a, b] 






|C 


lx,s 


β 


α 
f(x) dx = 
b 


a 
f 


u(t) 
m u 


8 (t) dt . 



p%o<´&n,Ò±r8­%²i´qdpn 
¤ç 
ôj 


V 







|C}| 


lx 
u 


v 



|b| 



| 




xs 



wl,u 


Y| 


ylu 


¦C 


lx 





g = uv 


3 g 
8 = u 
8 v + uv 
8Î2 


[a, b] 




wl,u 


8D" 


l,u 


S 


l"Ù 


% 
 


jZ 



b 


a 
g 


8 = g(b) − g(a) 




}S 



X 



y 
[α, β] 


sxl 


F(y) = 
y 


α 
f 



C}}| 





dê 


v 


s]xl<y 







wl 


F 
8 (y) = f(y) 




XI 



t 
[a, b] 


s4xl 


g(t) = F 


u(t) 




8<SB 


l,u 


S 


l 


S) 


l 


|A 



g 
8 (t) = f 


u(t) 
m u 
8 (t) 




C&| 



TSG 


l,u 


S 


lGÙ 


% 
 


jZ 




b 


a 
f 


u(t) 
m u 


8 (t) dt = 
b 


a 
g 


8 (t)dt = g(b) − g(a) 


= F 


u(b) 
m − F 


u(a) 
m = 
β 


α 
f(x) dx . 
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Teoremas del valor medio para integrales 


(TVM1) Teorema. 



 f 


lx 


| 



}| 





[a, b] 


sCl 




|C 


lxvl,¨ 



x;yl c 
[a, b] 



 



wl 
1 


b − a 


b 


a 
f = f(c) 




po<´&n,Ò±r@­²*· 
´q 
aç 



 f 


lx 


| 


x;y 


&| 


ylsl 



yl 


8 



 


lxy 


%S&: 



d| 


sxl 


&| 
m 


M 


} 



}8 


lx 




{}|}T 







  




lx 






& 




y%lsAl f 



[a, b] 



k#l m < 
− f(x) < 
− M 


xl 


8¦ 






ls 


}| 


y%l,u 


X&| 





[a, b] 



m(b − a) < 
b 


a 
f < M(b − a) 
m < 
1 


b − a 


b 


a 
f < M , 


§l 


`%8C 


l 



"j 



? 



l 


S 





|C}| 


lx 


| 



| 




xxl?x 



uwl 


S|C 


wCx 




| 



,| 


c 
(a, b) 




lx;yl 


 



 



x?xl 


|C}}}< 


lu 


S 


lx;y 



l 


T 


x;y 


X@ 



8|1XG%8¦1 



|J 


lxw 






 




x4ul 





X& 


sl 


¤ 


wlal 


&| 


yl 


%8 


lxvl 


 



g(x) = 1 


X 





x 



(TVM1G) Teorema. 



 f 


lx 


| 



}| 





[a, b] 


sC§ 
g 


lx 


|| 


l,u 




 



}| 


yl 




X¦C 


lal 


[a, b] 


sl 




|C 


lxPl¨ 



x;yl c 
[a, b] 



&¤ 


wl b 


a 
fg = f(c) 
b 


a 
g 



NÇ:½XÆ 




1 


7 


2 


< 
− 
1 


0 


x6 


1 + x2 dx 


< 
− 1 


7 


NhÇ:½XÆ 




3 
8 
< 
− 
1 


2 


0 


1 − x 


1 + x 
dx 


< 
− 


3 
4 





º[ 



§,ý 



C 


lxw 









uw 





y%l?xl#xwCl 




}S& segundo teorema del valor me- 
dio 


l 


 



 



} }| 


y%l,u 


X&:ê 


(TVM2) Teorema. 



V 




f > 
− 0 


§)l 


X 



, 




y%lTl 


[a, b] 



xl 


g 


[a, b] 



NÇ:½XÆ 








π 


1 


)$&% x 


x 
dx 





< 
− 2 





|C 


lx,s 


b 


a 
fg = f(a) 
c 


a 
g 


1XD& 


uz 


c 
[a, b] . 





 f > 
− 0 



X 



 




y%ls 


5 c 
[a, b] 



¤ 


wCl 
b 


a 
fg = f(b) 
b 


c 
g 


> 



V 



 f 


lx 


T| 





|A 


g 


lx 


}| 


y%l,u 


X¦C 


lsCxl`y 






b 


a 
fg = f(a) 
c 


a 
g + f(b) 
b 


c 
g 


1XD 


uz 


c 
[a, b] . 




l 


T 


x;y 


X@ 



| 


lGlx;y%l 



lxw 






  








lGw 



ly 


} 


lyz 


|[¤ 


wlGx 


8S& 




yl 


l 


%  


xl 




|CS 



 


¿wCll l 


|C| 



X 


xlw 


|A 


l 


T 


x;y 


X&, 



| 





f}¦%- 






l 
<ý 








ºRñ 
j@ÇD 
] 


Lema de Abel–Bonnet. 




 f > 
− 0 


§"l 


 



 




y%ll 


[a, b] 



xl 


 g 


[a, b] 



xl 


&| 
m 


M 


} 



&8 


lxl,¨*y 




T 


x<l 


) 



|C 



| 



| 



}| 



 
x 


a 
g 



[a, b] 






|C 


lx,s 


m f(a) < 
− 


b 


a 
fg < 
− M f(a) . 
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p%o<´&n,Ò±r8­%²· 
´qÂµp 



å(v 


ÑJw 


Eç 
bj 


V 



C&| 





v 



 


s b 


a 
fg = µ f(a) 


| 
µ 


[m, M] 





8X 



8 


xl 


x 


a 
g 


| 



| 




s§ 


C&| 






# 



sl¨ 



x;ylGw 


c 
[a, b] 



¤ 


wl µ = 
c 


a 
g 




}S 




1| 



&T 




wl f 


xl 



l 


 



 




yl 






|C 


lx 


  



|C 



| 
f(x) − f(b) 


lx 


| 



lu 




ª 


§Gl 


 



 




y%l0y 


&G¦C 





C}&| 



?SP1 


yl#j 


S 


l0lx;y%lfy%l 


8 



 


sxlx 



uwl 



wClal¨ 



x;y%lw 


c 
[a, b] 



¤ 


wCl 


b 


a 


f(x) − f(b) 
m g(x) dx = 


f(a) − f(b) 
c 


a 
g(x) dx ; 



wl,u 



b 


a 
fg = f(b) 
b 


a 
g + 


f(a) − f(b) 
c 


a 
g = f(a) 
c 


a 
g + f(b) 
b 


c 
g . 


3.4 
APLICACIONES GEOM´ETRICAS 


k#lx 


%}S 



T 





8X} 




ly 






 



@ 



 


xl 




&} 



 




l 


S| 


yl 


}| 


y%l 




X& 


lxfl 


ÛC| 




x,sl[z 


 




x]l 




}| 





C&| 


x,s 


}| 




ywClx]l 


 



 






lx¿§ 



 




xcl 


S 


xxw 




ÛA 


lxclxz 


} 




xcl 




h 



 



| 




| 





T 


xl 


|GS 





|A}8| 


lx 



|A 



| 



},| 


lx0l#xw 


 




xw 


ÛA 




y%lx,s 



wl 


 



, 



 



T 


x,s 


1X`S?} 


l 



l 


S 



8 


lx 


| 






y%lx 




8% 



 







 




lRz 


 





CS&|A 


x,s 


 





8% 



S 


xGx 


| 


las deﬁniciones 


l 




 



* 




xl 


Û|}| 


lxGul 




 


lxGl 


}8| 




y%wCds 


h 






§ôz 


 




l w 


|A 


xw 




ÛC, 


lsl 


|Y&G¦C} 


scl 





lx 




XK 


xl 


 


lxl 







xal 





lxywC 


}T 


x;y%l 


%}8 


C´alculo de ´areas planas 


(I) Recintos limitados por curvas en expl´ıcitas 


(a) 










& A 


}  





8 



|A< 



 
y = y(x) 


sl 





X 
8 X 


sd§ 


S 













} 


lx x = a 


x = b 





| 





T 




wCl y(x) 


lxw 


|A 



|C 



| 



| 



}| 






[a, b] 



A = 
b 


a 



r y(x) 



r dx . 





8 





DC} 


s y(a) > 0 


l y(x) = 0 






lDjZx 


S& 




y%l 


 


x4x 


 



,| 


lx x1 < x2 





d}| 


y%l 


&} 
(a, b) 


sl 




 







& 


xl 




{S 


A = 
x1 


a 
y(x) dx − 
x2 


x1 
y(x) dx + 
b 


x2 
y(x) dx . 
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(b) 










& A 


}}T 





`8 







 


xfl4l 




@}8| 


lx y = y1(x) 


s y = y2(x) 



S 













& 


lx x = a 


x = b 




lGxw 


| 




wl y1 


l y2 



|- 



|A}8| 


lx,s 


| 



}| 




xPl 


[a, b] 



A = 
b 


a 



r y1(x) − y2(x) 



r dx . 


(c) 










& A 


}}T 





<8 



|A< 



 
x = x(y) 


scl 





Y 
8 Y 


s§ 


S 










8%}Ú,| 



& 


lx y = c 


l y = d 





| 





  




wl x(y) 


lxvw 


|AG 



|C, 



| 



| 



}| 





[c, d] 



A = 
d 


c 



r x(y) 



r dy . 


Ejercicios. 1.– 



1 



¦S 
y2 = 2 x 



 


l 


& 



{ª 



} 
x2 + y2 < 
− 8 








l,u 


}| 


lx4lBz 


 






lx 






 


x 2π + 4 


3 


6π − 4 


3 



2.– 





 




l 


ST 


lu 




|)@ 





 ,|-V8% 


l 






 




yl 


%[ 



%} 



{}| 




ly%l 


£ 


T}|A 



8#S 


xvu 




ÛA 


xvl 


S 



1 



¦S 


x y2 = x 


s y2 = 2 x 


s y = x2 


l y = 2 x2 


lx 
1 
6 



(II) Recintos limitados por curvas en param´etricas 


(a) 






}  





<,| 






X 
8 X 


8 



|3 



}TC 




k#l,y 


&}S 



& 




y%lsxl 


&| 
x = x(t) 
y = y(t) 


S 


xfl 




&,| 


lx 


1X& 


l,y 


% 


x0l#w 


|Aa 



 γ 


s§xw 


| 



&T 




wl 


• x(t) 


l y(t) 



| 


l 


SDS 


xl 


(1) 


[t0, t1 ] 



• x 
8 (t) > 0 


6 t 
[t0, t1 ] 



• y(t) > 0 
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[t0, t1 ] 






|C 


lx,s*l 




 



 A 
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@ 



, 


l 


S 



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 













& 


lx x = x(t0) 


x = x(t1) 


lx 


A = 
t1 
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y(t) x 


8 (t) dt . 


(b) 
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x = x(t) 
y = y(t) 
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lx 


1X& 


ly 


% 


x4law 


|AK 



 γ 
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| 



&T 




wl 


• x(t) 


l y(t) 



| 


l 


SDS 


xl 


(1) 


[t0, t1 ] 



• 


x(t0), y(t0) 
m = 


x(t1), y(t1) 



• x 
8 (t)2 + y 
8 (t)2 


9= 0 


6 t 
[t0, t1 ] 
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|C 
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 γ 



[t0, t1 ] 




wCllx 


 





 
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 t 
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SJ 



 


lx 




8% 






xl 






&| 





8X 


slx 


A = − 
t1 
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y(t) x 


8 (t) dt = 
t1 
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x(t) y 


8 (t) dt 


= 1 


2 


t1 


t0 


x(t) y 


8 (t) − y(t) x 


8 (t) 
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Ejercicios. 1.– 
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y = a(1 − 


 
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x = 2π a 
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x;y 
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 







Ü 


lx 3πa2/8 



(III) Recintos limitados por curvas en polares 




&| 




xl 


Û%| 





#CS&| 



|W 





O 


jS³]´¬V´ 



§Ww 


|A 


xl 


  





OX 


jp 
6xp³]´¬Vr± 




 



 





P 
9= O 


l 


fA&|-¤ 


wl 






{h* 




y%llyl 


%T}|A 
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l X 
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c 
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xl 
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a 
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| 
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2. 
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l`l 



xz 
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% 


l 
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| 
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S 
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lx 
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|A integral impropia 
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 
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wClx;y 
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l]§Yz 
wy 


}&cÞ 



T 


ßs@l 


¦C 



X0C 


lxl 


S4 





ª 





l 


ST}| 
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Xc 
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l 


| 


yl 
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l 


}| 
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X&, 



| 
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 




wlKl 



lKxl,uw 


 


xw 



l 






b 


a 
f = 
c 


a 
f + 
b 


c 
f. 


k#l 


T 



Y¤ 


wlx 




8 





DC} 


s I = 





l 





f 


| 


lx;yz 


3&, 
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l 


v 





c 



s#l 




# 




l"l¨ 



x;y 


ªS 
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uw 
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}| 


ylu 


X 


lx 


}D%8CS 


x,sCl 


¦C 



X 



%ÛC 


xl 


+∞ 


−∞ 
f = 
d1 


−∞ 
f + 
c 


d1 
f + 
d2 


c 
f + 
+∞ 


d2 
f , 







d1 < c < d2 


¦C 



X%} 




0|K}a 



& 


xl 





wl 


¦1 


x;y 







wy 


¿S 


l 


ÛC| 



| 


lP 



xy 


1 


xl 


}| 


ylu 


X 


lx 


}D%8CS 




De primera especie 


d 


−∞ 
f 


s +∞ 


d 
f 


| 
d 



f 


&, 












xw 


¦C}| 


y%l 


&@ 






l 


d}| 


y%l 


} 


l 


}| 


y%l,u 


X@ 



| 


De segunda especie 


b 


a 
f 


| [a, b] 


&, 






§ f 


|C#& 







| [a, b) 





(a, b] 





%`@ 












xw 


¦C}| 


y%l 


}& 






l [a, b) 





lx 






 




y%ls 


l (a, b] 



k#l#¥l 





s§ 




|C¤ 


wlvlx;y 


G¤ 


wl?x 



uwl4y 










}| 


y%l 



lx]y%ldz 


8%K¤ 


wl 


 



@ 



 





lx;y%wC 


} 
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X&f 





{S}}T 



 


xl 


& 




l 


<}| 


y%l,u 


X& 


l 


%} 



X 


lx 




 



l 




 
+∞ 


a 
f 


s 




 ¤ 


wl 



d 


−∞ 
f(x) dx = 
+∞ 


−d 
f(−t) dt 


,| 



&¦A 
x = −t ; 


b 


a+ f(x) dx = 
b− 


a 
f(a + b − t) dt 


| 



G¦C} 
x = a + b − t ; 


b− 


a 
f(x) dx = 
+∞ 


0 
f 


õ a + bt 


1 + t 
b − a 
(1 + t)2 dt 


| 



&¦C} 
t = x − a 


b − x . 


Deﬁniciones 



 f 


[a, T] 


6 T > a 






{ 


T→+∞ 


T 


a 
f 


sxl 


} 




wl 


S integral impropia 


de primera especie 
+∞ 


a 
f 


lx convergente 


s§hs 


8 


l 


Û| 



| 



+∞ 


a 
f = 




{ 


T→+∞ 


T 


a 
f . 


124 C´ALCULO INTEGRAL 





} 



& 




y%l3j:xw 


1|C 





Y 



8XB¤ 


wl 




{ 


x→b− f(x) = ∞ 



svx 


 f 


[a, t] 


6 t 
(a, b) 






{ 


t→b− 


t 


a 
f 


s¿xl[ 


 




wl 


 
integral impropia de segunda 


especie 
b 


a 
f 


lx convergente 


s§s 


@ 


l 


ÛC| 



| 



b 


a 
f = 




{ 


t→b− 


t 


a 
f . 
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X& 


sw 
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lx 
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|A 


xw 
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l 


}| 
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lx 


}T%8CS 
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y%lxl 


%} 



 


§Nxlu8w 
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, 




t4xz 




8 





TC} 


s`x 


 f 


lx 


| 


ylu 


¦C 


lIl 






H}| 


y%l 


& 


@ 





 [a, b] 





D¤ 


wl?xl?lx 


Xª¦ 


l f 



}* ( 


# ) 


sj f localmente integrable 
en 




sxl`y%l 







+∞ 


−∞ 
f = 




{} 
a→−∞ 
b→+∞ 


b 


a 
f = 




{} 


a→−∞ 


c 


a 
f + 




{ 


b→+∞ 


b 


c 
f , 


| 
c 


¦C 



%} 





| 




l,¨ 



x;y 


&|M} 





{}T 


y%lx l 


S 




l 






 



|1"}| 


y%l,u 


X 


}D@AK| |h 




ul 



ylxl 


 


l divergente 




 { 
1³ 



 valor principal de Cauchy 


l 


, 







}| 


yl,u 


X& 


lx 


}D%8CS 


xGxl 


l 


Û| 




x,z 


{:ê 



 



|A f 



} ( 


# ) : 


? 
+∞ 


−∞ 
f = 




{ 


T→+∞ 


T 


−T 
f , 



X 



|A f 



}* {[a, c) 
(c, b]} : 


# 
b 


a 
f = 




{} 


ε→0 


( c−ε 


a 
f + 
b 


c+ε 
f 



. 



ly 





l<l 





uw 





y%l 



lxw 






ê 





|A[}| 


y%l,u 


X&P}D%8CS 


l<w 


| 


l 


 





xvy 


 



&| 


yl 


%}8 


lx 


|h 




ulsCl 




|C 


lx?xw 
 
?Rl,¨ 



x;yl§Jlx 



uw 


&&}8 


l 


S 


}| 


y%l,u 


X&: 


cl 


% 







|CS 



4 





{% 


lx 


& 






wlx 


8 





DC} 


sÃ 
? 
+∞ 


−∞ 
x = 0 


§ 
? 
b 


−a 


dx 
x = 


 



j b 


a 




 a > 0 


b > 0 



Ejemplos y ejercicios 


1. 
∞ 


1 


1 
xp dx = 
1 


p − 1 



 p > 1 


§<lx4 


 




ul 



y%lDj 


 +∞ 




 p < 
− 1 



2. 
1 


0 


1 
xp dx = 
1 


1 − p 



 p < 1 


§[lxv 


ª 




ul 



y%lTj 


 +∞ 




 p > 
− 1 



dwl,u 


∞ 


0 


1 
xp dx 



 




ul 


 +∞ 


1X 





p 
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3. 
∞ 


0 
e−ax dx = 1 


a 



 a > 0 


s§[ 


 




ulx 


 a < 
− 0 



4. 
1 


t 


} 


u x dx = 


¡ x 


} 


u x − x 


1 
t = t − 1 − t 


} 


u t 




wlu 



1 


0 


} 


u x dx = 




{ 


t→0+(t − 1 − t 


 


u t) = −1 . 


5. 



 n 
2H 


s ∞ 


0 
xne−xdx = n 
∞ 


0 
xn−1e−xdx 
 = n! 
∞ 


0 
e−xdx = n! 



6. 






wy 


  


l¨ 



x;y%l 


|CS 


l 


S"}| 


y%l,u 


X&P}D%8CS 
∞ 


0 


x dx 


(1 + x2)p 



%8¦1D¤ 


wl 


∞ 


0 
e− 


xdx = 2 



7. 
∞ 


a 
f 


|h 




ul 



yl 


|G}DC}G¤ 
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{} 


x→∞ f(x) = 0 
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X 



|<| 



X 





D£ 


C} | 



|1 
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 
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Criterio de convergencia de Cauchy. Criterios de comparaci´on 
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f 
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b 
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f 
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yl ⇔ 


6 ε > 0 


5 t(ε) 
[a, b) 



¤ 
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{ 
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s@l 




|C 
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X& 
∞ 


0 


xl 
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nπ 
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π 
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wl 
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ll 
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| integrandos de signo constante 



Proposici´on. 
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yl 


}| 
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X¦C 


l`l 


[a, b) 


b 
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f 


|h 




ul ⇐⇒ 
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x 
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6 x 
[a, b) 





v}| 


y%l,u 
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ul 


 +∞ 
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b 
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p%o<´&n,Ò±r8­%²· 
´q 



¿wlx 


|S 



 
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xl?xl 


 f > 
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Sa 
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| 
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lx 


T| 





|A 


| 


l 


 



 




y%l 


¿á 





|C 
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{} 


x→b− F(x) = 


xw 


 
F(x): x 
[a, b) 
, 
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x;y%llx;y%l 




{}  


y%l ⇐⇒ F 


lx;yz 


D@ 






xw 




%}8% 




y%l 



Criterio de comparaci´on. 




&| 
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| 
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∞ 
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xw 
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¤ 


wl 


5 K > 0 



&¤ 


wl 0 < 
− f(x) < 
− K g(x) 
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[c, b) 


1X& 
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[a, b) 






|C 
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b 
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g 


,|h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y%l 
=⇒ 
b 
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f 
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yl 
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X% 


y%l 
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l 
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¥*§s 


D|* 




ul 


|AS 


l 


 



}| 
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X& 


lx4l 
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xz 


 


l 





lTl 


S<|h 




ul 


|C, 


l 
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}| 


y%l,u 


X& 


lxal 




]}| 


y%l 


} 
[c, b) 


l 


S 



 




ylx 





l 


% 


xl`y 






t 
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− K 
t 


c 
g < 
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b 


a 
g 


6 t 
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s b 
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g < +∞ =⇒ 
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c 
f 



C}&| 



 G%8 



}, 



|-&| 


y%l 
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Criterio de comparaci´on por l´ımite. 
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f > 
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yl 


}| 
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ÀúS¼ 
D]Ç 




∞ 


1 


x dx 
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½À 
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¼Ç 
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X¦C 
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[a, b) 



xw 


| 



#¤ 


wl 




{ 


x→b− 
f(x) 
g(x) = l 
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 l > 0 


s b 
a f 


|h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y%l 
⇐⇒ 
b 
a g 
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 * 
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s b 
a g 


|*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yl 
=⇒ 
b 
a f 
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y%l 




p%o<´&n,Ò±r8­%²· 
´q 


T 



&| 







{ 


x→b− 
f(x) 
g(x) > 0 


sdxl 


 


y%l 




 0 < C1 < 
− 
f(x) 
g(x) 
< 
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6 x 
[c, b) 


sC§ 


C}&| 





&| 


y%l 
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y%l 


%} 


l 
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| 
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lx 
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X¦C 
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lx 
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sx 
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y%l 
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[c, b) 



Ejercicios. 
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#SD|h 




ul 
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l 


S 
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u8w 





ylx 
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X 


lx 
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∞ 


1 


e1/x 
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∞ 


1 


xl 


| x 



x2 
dx ; 
∞ 


1 


1 
t 


 


xRõ 1 


t 
dt, ; 
2 


1 


dx 


| x ; 
∞ 


1 


dx 


}| (1 + x) ; 


∞ 


2 


dx 


x( 


}| x)p ; 
1 


0 


dx 


(1 + x) 



1 − x2 ; 
∞ 


0 


S cosx 




1 − x2 ; 
∞ 


0 
xp−1 e−x dx . 
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Las funciones Gamma y Beta de Euler 


Deﬁnici´on. 



v| 


yl,u 


X&*}T%8CS 
+∞ 


0 
xp−1e−xdx 


|* 




ulx 



§Kxz 


 



 p > 0 




K¤ 


wClxl`y 









{} 


x→0+ 
xp−1e−x 


xp−1 
= 1 , 





{ 


x→+∞ 
xp−1e−x 


xs 
= 0 


6 s . 



 ¤ 


wll 


ÛC| 


ls 


1X p 
(0, +∞) 



SG 



|C 



| 


Γ(p) = 
+∞ 


0 
xp−1e−xdx , 



wlxl 


,8|C* 



T 
funci´on Gamma de Euler 



Propiedades. 


¢8 Γ(p + 1) = pΓ(p) 


6 p > 0 



jZ 



y%l,u 


Xv18v1 


ylx,s xp = u 


> 


 * Γ(n + 1) = n! 


1 n = 0, 1, . . . 



 Γ 
2 
(∞)( 


+) 


s§3xly 





Γ (n)(p) = 
∞ 


0 
xp−1e−x( 


} 


u x)ndx 


1X" 




n 
2H 



1X 





p > 0 




 F´ormula de Gauss 


Γ(p) = 




{ 


n→∞ 
np n! 


p(p + 1) 
 (p + n) . 



|A# 



8% 



S? 





C}} 



`1X#S? 



|C 



|<~`&T 



 



`1 





f 



X#}D8£ 



| 


yl 




|C 



| 


l 


Û|C 



84 



}| 


y%l,u 


X&T%8CS* 




&| 
p, q > 0 



Γ(p)Γ(q) = 


õ +∞ 


0 
xp−1e−xdx 



õ +∞ 


0 
yq−1e−ydy 



= 
+∞ 


0 
xp−1 


õ +∞ 


0 
yq−1e−(x+y)dy 


dx 


x + y = u = 
+∞ 


0 
xp−1 


õ +∞ 


x 
(u − x)q−1e−udu 


dx 


Fubini = 
+∞ 


0 
e−u 


õ u 


0 
xp−1(u − x)q−1dx 


du 


x = ut = 
+∞ 


0 
e−u 


( 1 


0 
up−1tp−1(1 − t)q−1uq−1 u dt 



du 


= 


õ +∞ 


0 
up+q−1e−udu 



( 1 


0 
tp−1(1 − t)q−1dt 



= Γ(p + q) 


( 1 


0 
tp−1(1 − t)q−1dt 



. 
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Deﬁnici´on. 



T}| 


y%l,u 


X&T%8CS 
1 


0 
xp−1(1 − x)q−1dx 


|h 




ulKx 



§xz 


} 




p > 0 


q > 0 



K¤ 


wClxl`y 









{ 


x→0+ 
xp−1(1 − x)q−1 


xp−1 
= 1 , 





{ 


x→1− 
xp−1(1 − x)q−1 


(1 − x)q−1 
= 1 . 



 ¤ 


wll 


ÛC| 


ls 


1X p, q 


+ 



SG 



|C 



| 


B(p, q) = 
1 


0 
xp−1(1 − x)q−1dx , 



wClxl 


,|* 



T 
funci´on Beta de Euler 



Propiedades. 


¢8 B(p, q) = B(q, p) 



G¦C} 
y = 1 − x 


 


 * 




X 



S8% 


x4l 


SK 



|C 



| 


Ù]ly 




&¦C} 


x x = 


 


x 2 θ 


s x = y/(1 + y) 


Xê 


B(p, q) = 2 
π 


2 


0 


 


x 2p−1 θ 


xl 


| 2q−1 θ dθ 


= 
∞ 


0 


xp−1 


(1 + x)p+q dx = 
1 


0 


xp−1 + xq−1 


(1 + x)p+q dx . 



 B(p, q) = Γ(p)Γ(q) 


Γ(p + q) 


j§ 




G¤ 


wl 





l 


T 


x;y 


 



X 



 Γ 


j 1 


2 


m = 


· π 


∞ 


−∞ 
e−x2dx = 



π 



¿wlx 


8KS&| 


yl 


%8 



p Γ 


j 1 


2 




2 
= B 


j 1 


2, 1 


2 


= 2 
π/2 


0 
dθ = π 




[ 



X 


| 


yl,u 


X& 


lx 



x,z 


{ê 


∞ 


−∞ 
e−x2dx = 2 
∞ 


0 
e−x2dx = Γ 


õ 1 


2 
, 


| 



&G¦C} 
x2 = t 



* Γ(p)Γ(1 − p) = 
π 


xl 


| (pπ) 



 0 < p < 1 



ä F´ormula de duplicaci´on para la funci´on Gamma 



Γ(2p) = 22p−1 


· π 
Γ(p)Γ 


õ p + 1 


2 
. 
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¿wlx 
Γ(2p) = 


Γ(p) 
2 


B(p,p) 


s§hs 


|SBV8% 



% 



| 


ly 


% 


l 


SB 



|C 



| 


Ù]ly 




B(p, p) = 22−2p 
π/2 


0 
( 


xl 


| 2θ)2p−1dθ = 21−2p 
π 


0 
( 


xl 


| t)2p−1dt 


= 22−2p 
π/2 


0 
( 


xl 


| t)2p−1dt 


= 21−2pB 


õ 1 


2, p 


= 21−2p Γ 


j 1 


2 


m Γ(p) 


Γ 


p + 1 


2 


. 


Ejercicios. 


¢8 



X ν 


+ 


Û; 


s ∞ 


0 
xνe−pxdx = Γ(ν + 1) 


pν+1 


6 p > 0 



 * 
1 


0 



} 


1 
x 


n 
dx = n! 


1X n 
2H 




#P&} 



S#S 



| 


yl,u 


X& 


lx In = 
∞ 


−∞ 
tne−t2/2 dt 


1X n 
2H 




∞ 


0 
e−xndx 



* 
de 
?}S 





 



<}| 


yl 


%}@T& 



@&} 
y2(1 + x2) = 1 − x2 


j¼ 


ñ7Ç 



ó! 



s]´X³ 
Qç 


­%²:Ò 
Bç 


X 



|A 


lx 



wlx;y 



lx B 


j 1 


4, 1 


2 


m − B 


j 3 


4, 1 


2 




ä 
de 
?}S 





 









 cisoide de Diocles y2(a − x) = x3 


j a > 0 



§<xw 



x,z 


{}| 








&S 



A 






l 



xz 


} 




l 




 



 



| 
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X 



8 





% 


llx;y 


K 



 





8%| 


xw 



xz 


{}| 





* 


Ü* 



a  



TG¤ 


wlvl 




A&| 


y%l 


%}8 



,|TS versiera de Ma Gaetana Agnesi 
y2(1 + x) = 1 − x 



à 



| 




y%wC"l 


S lemniscata de Bernoulli 


s (x2 + y2)2 = a2(x2 − y2) 



ã 



- 



 
y3 − x3 = 1 



 


xDy 


| 


u8l 



y%lx 


ST 



 




xwCx  










l 


}| 


l¨ 




8| 


l 


}}T 



&| 



|1< 


lu 




|R@ 





h 
Ze 
?&S 





 




s]l 


&| 



- 


l¨ 


C 


lx 




|[ÛC|A& 



|" 



|C 



| 


l 


&}8 Γ 


j 1 


3 




¢,¡ 
de 
?}S 





 



 }}T 











S 



 
(a2 − x2)y2 = x4k 


j k > 
− 1 



§IxwCx 



x,z 


{}| 






xaj: 


%8 


wlx;y 


D@ 



¹gÎÇ 




7 


ÇVX 


¢¢8#P&} 



S 
∞ 


0 


1 − e−t 


m tq−1dt 



1} 



&}@ 


lx4l q 



wla¥ 


@ 



|"|h 



£ 


ul 



y%l 


G}| 


yl,u 


X&: 
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Integrandos de signo variable 


Deﬁniciones. 




f 



}* [a, b) 



xl 


 




wl 


S<}| 


y%l,u 


X&0T%8CS 
b 


a 
f 


lx 


absolutamente convergente 




&| 



T 
b 


a 


S f 


Shlx 


,8|* 




ul 



yl 





&| 



b 


a 
f 


lx 


|h 




ul 



yls 




 
b 


a 


S f 


S = +∞ 


sAxl 


 




wl b 


a 
f 


lx con- 


dicionalmente convergente 



Proposici´on. 
b 


a 
f 


¦ 



 


wy 


& 




y%l 


|* 




ul 



yl =⇒ 
b 


a 
f 


lx 


,|h 




ul 



y%l 




p%o<´&n,Ò±r8­%²· 
´q 




8 



#X% 


yl 


 


l 


P 




¥*§s 


6 ε > 0 


5 t(ε) 
[a, b) 



&4¤ 


wl"x 



t < t1 < t2 < b 


sl 




|C 


lx 






t2 


t1 


S f 






r = 
t2 


t1 


S f 


S < ε . 


cl 


% 





8|A 


lx,s 






t2 


t1 
f 





r < 
− 


t2 


t1 


S f 


S < ε 
=⇒ 
b 


a 
f 


|h 




uls 


C}&| 



T 



X 





X% 


yl 


%} 


l 


P 




¥*§ 



Ejemplos. 1.– 



P| 


ylu 


 
∞ 


1 


 


x x 
x2 
dx 


lx 


|h 




ul 



y%ls 



wClx 


T 





 


x x 
x2 




r < 


1 
x2 


slx 


¦ 



 


wy 


 




y%l 


|h 




ul 



yl 



2.– 



}| 


y%l,u 


X& 
∞ 


0 


xl 


| x 
x 
dx 


lx 


| 



}|A&} 




y%l 


|h 




ul 



yl 



&| 


yl 


%}8% 




y%l 


xl4¥ 


4 


x;y 


G¤ 


wl 


`}| 


y%l,u 


X& 


l 


&}8P¦ 



 


wy 




ª 




ul 



8f 



% 





S`}| 


y%l,u 


X& 
1 


0 


xl 


| x 
x 
dx 


| 


lx 


}DC%8CS 




}| 


y%l,u 


X&| 



D8v1 


ylxvl 


d 



% 


xw 


&| 





∞ 


1 


xl 


| x 
x 
dx = 
¢ − 


 


x x 
x 


∞ 


1 − 
∞ 


1 


 


x x 
x2 
dx ; 


l 


T 



 ¤ 


wl 


SG}| 


yl,u 


X&|h 




ul 




| 



}| 



@ 



|" 



T 



} 


x# 




% 


y%l 


%} 






x4wCxw 


& 


lx 


1X 




lx;ywA 


} 


l 


S 


|* 




ul 


|AS 


l 


}| 


y%l,u 


X& 


lx 


|"}| 


yl,u 


X&| 




lx 




|T%S¦C 




Criterio de Dirichlet. 




 f 



} [a, b) 





%ÛC&| 



 ¤ 


wl 






c 


a 
f 





r < 
− K 


6 c 


[a, b) 





[8D 



X[1 


y%l 
g 


T| 





|A 



[a, b) 


§)y 


&v¤ 


wCl 




{ 


x→b− g(x) = 0 






|C 


lx,s 


K}| 


y%l,u 


X& 
b 


a 
fg 


lx 


|h 




ul 



y%l 
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po<´&n,Ò±r@­²*· 
´q 





| 



&T 



8 





TC} 




wl g 


lx`l 


X 



 




yl<jZx 


¿| 


sdxl 


} 




 



{SB-¦BS 


l 


  


xy 


X@ 



|¤ 


wl"x 



uwl 


,|MS 





|C}| 


lx 
−g 


−f 




T 




{ 


x→b− g(x) = 0 


sxlalw 





wCl g > 
− 0 



[a, b) 




wl 


6 ε > 0 


5 c 
[a, b) 



¤ 


wl 


0 < 
− g(x) < ε 


2K 


6 x 
(c, b) 





&| 
t1 


t2 



& 
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wl c < t1 < t2 < b 



C}&| 






` 


  



5 s 
[t1, t2] 



¤ 


wCl 


t2 


t1 
fg = g(t1) 
s 


t1 
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t2 


t1 
fg 





r = g(t1) 






s 


t1 
f 





r < 
− 
ε 
2K 







s 


a 
f 





r + 






t1 


a 
f 






< 2Kε 


2K 
= ε , 



SK}| 


ylu 


d 



%ÛC 



X% 


y%l 


%} 


l 


|h 




ul 


|CS 


l 


P 




¥h§ 



Ejemplo.— 



 g 


lxTw 


|1 



|C, 



|RT| 





|A 



[0, ∞) 





{} 


x→∞ g(x) = 0 



S 


}| 


y%l,u 


X& 
∞ 


0 
g(x) 


xl 


| x dx 


lx 


|h 




ul 



y%l 



Criterio de Abel. 




 f 



}* [a, b) 





%ÛA&| 



¤ 


wl b 


a 
f 


lx 


|h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y%l 
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" 
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g 
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S-}| 
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b 


a 
fg 


lx 
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xl 
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lx 
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wCls 
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f 
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c 
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f 
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b 


a 
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l4k 
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wCl ϕ f 


lx 
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l 
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b 


a 
gf = 
b 


a 
ϕf + λ 
b 


a 
f . 


132 C´ALCULO INTEGRAL 


La integral 
∞ 


0 


xl 
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dx. Lema de Riemann-Lebesgue 


áf 



¦ 



T 




wlBlx;y 


3}| 


y%l,u 


X& 


lx 


| 



}|A&} 




yl 


|h 




ul 



y%l 





| 


tn = (2n + 1) π 


2 


s n 
2H 






|C 


lx,s 
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Lema de Riemann–Lebesgue. 
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| 


u8w 


Jt 


l 


S 




uw 





y%l 


S8%hê 


f: I 
J 
−→ 



(x , y) 
−→ 


f(x, y) 



 (x, y) 
A 



0 



 (x, y) / 
A 





| 
P1 = {a1 = x0 , x1 , . . . , xm = b1} 



|A 1 



 



8| 


l 


]}| 


y%l 


& 
I 


s§ 


P2 = {a2 = y0 , y1 , . . . , yn = b2} 



|AK1 



}, 



| 


l 


c| 


yl 


%&} 
J 




wlGlx 


D£ 


| 





 




yz 


| 


u8w 


t 





|A1 



}, 



|" 





&| 


uw 


S P 


V8% 



8 m n 


xw 


¦£ 





yz 


&| 


uw 


} 



jk = Ij 


Jk 


sdx 



l 


| 



&T 


x Ij = [xj−1, xj ] 


s§ 
Jk = [yk−1, yk ] 



| 
j = 1, . . . , m 


k = 1, . . . , n 



k?l 


Û|C  


x l 


 ´area de 


jk 


@ 
ajk = 
(xj − xj−1 ) (yk − yk−1 ) 





&| 



8X 


mjk = 



{}| {f(x, y): (x, y) 
Ij 


Jk} , 
Mjk = 


xw 


 {f(x, y): (x, y) 
Ij 


Jk} , 
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§[l 


Û|A&T 



S 


x sumas superior e inferior de f relativas a la partici´on 
P de 



lx 






& 




y%l 


8 


S(f, P) = 


j ,k 
Mjk ajk , 
s(f, P) = 


j ,k 
mjk ajk . 





wCll 


%8¦1?¤ 


wlsCx 


 P 


Q 



| 





1 



},| 


lx 




& 


lx 






X 


l 



s§ 


m 


M 



| 




lx 






& 




yls*l 




{}|Û  


§ l 



xw 


 



T 


l 


} 



&}@ 


lxl f 



A 



xlay 






m(b1 − a1 ) (b2 − a2 ) < 
− s(f, P) < 
− S(f, Q) < 
− M(b1 − a1 ) (b2 − a2 ) . 






lDxl 







s1l 




|C 


lx,sl 


ÛC|`S 


x integrales superior e inferior de 
f en A 



lx 






& 




y%l 


8 



A 


f = 


xw 



P 


s(f, P) 
, 



A 
f = 



{}| 


P 
S(f, P) 
. 



| 


yl,u 


X&]}| 



%}8 


lx 




|8[ 


uw 


&]¤ 


wl 


 


xw 




%}8 





|I 


u8w 


 


lx,sxl  


 




wl 
f es integrable Riemann en A 


§Bl 


]&}8K 



|Y[&¦ 


x,sl 


| 






8 



A 
f = 


A 
f(x, y) dx dy = 


A 
f(x, y) dx dy 


lx 


S 
integral de Riemann de f en A 


 



&| 



f(x, y) > 
− 0 



A 


s1l 


c}8 


l 


A f 





 volumen 


l 


?Þ}}| 



% 







 


w§ 


G¦1 


xllx4l 


| 





A 






CS&| 
OXY 




w§ 


-Þ 



1 


ßDlx 


 


xw 




ÛA 


l z = f(x, y) 



0T 





c 




l 




|C}| 


lx#lw 


|1G%S¦C 


ls f 


lx 


| 


yl,u 


X¦C 


lGl 


A ⇐⇒ 


6 ε > 0 




§Dw 


|Av1 



 



8| 
Pε 


l 


 




yz 


&| 


uw 


}1t 


A 



&C¤ 


wl S(f, Pε)−s(f, Pε) < 
ε 


]á 



G¦C 




s 


A f = U 



6 ε > 0 


5 δ > 0 



&¤ 


wlsx 


 P 


lx4w 


|A1 



 



8| 


l 





xw 


¦C£ 




yz 


&| 


uw 


} 


xvl 


 







|8 


lx 



wl δ 


sl 




|C 


lx4xl`y 






σ(f, P) = 









j ,k 
f(ξjk, ηjk) 
 ajk − U 







< ε , 



| 


l 


} 


x (ξjk, ηjk) 
Ij 


Jk 


xll 


} 


ul 


|B¦A 



X%S 




y%l 




BX@ 


y%l 


%}Ú@ 



| 


l 


S-}| 


y%l,u 


X¦C}} 




bl 




 


l 


SI¤ 


wl 


}T 


x l 


| 






ãä 


lx 



wl 
f 


lx 


}| 


y%l,u 


X¦C 


l-l 


A 




§xz 


} 





`| 






l 







xl 





| 



}| 






l 


S 


l,¨*yl 






8| 


l f 


& 




yz 


&| 


uw 


}st 
þ 


l 


&| 


y%l f(x, y) = 0 


1X 


(x, y) / 
A 


s tiene medida cero 




8 





DC} 


s f 


lx 


}| 


yl,u 


X¦C 


ll 


A 




&| 



f 


lx 


| 



| 





A 



 
frontera de A 


s ∂A = A − A 


sAlx?w 


|A 
curva cerrada 
simple de clase 
(1) 




|< 



 



 







|ÛC 




l`lx;y 



xyz 


%T}| 


x`j 




P1X 



}} 



8 





DA 



¹Æ 


ô- 


ïdÇÈ 
 


s
ÿ 
d®8q­&Òi²i´qCn¿´ 



nXp 
U 
@p%±r¬ 
1U 
r±²ir 



¬ipn,s 



%}| 


ul 




¢ã 
-Ü
Ü 







  

@¡h 



¦C 




lx 


X% 



h 



8 



XT1 


y%ls 


¦ 


x;y%lTl 


¤ 


wlDlx 


}"¤ 


wCl 


 



 










} 


xPl 




DC} 


xvl 








& 


lx 
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&¦A 




xl 



wll0lx 


%} 


s8lfw 


|G  





,8| 



| 




lxw 







xcx 


}T}S 


lx 


T 



 


x;y 



x?l 




 




lGw 


|1G%S¦A 


lsAw 


|A 


yl 


@ 



{ 


l integrales impropias 
de Riemann 




wllxywC 


STSD 



¦C} 




BlGl¨yl 



l 


?S 


l 


ÛC| 



| 


l 


A f 



 




xvl 


|¤ 


wl A 


| 


lx 


&, 





T 
f 


| 


lx;yz 


D@ 







A 



El ´area de un conjunto plano. 




A 



2 


cA(x, y) = 1 


6 (x, y) 
A 





&| 



TK 



|C 



| 
cA 


lx 


}| 


y%l,u 


X¦C 


ll 


A 



d| 





% 


a(A) = 


A 
cA = 


A 
dx dy 


lxvl 


 ´area del conjunto A 



Integrales iteradas 




 A = [a, b] 
¯ [c, d] 


§ f 


| 



}| 





8 





DC}* 



A 






|C 


lx,s 


S 





|£ 


}| 


lx`jZlaw 


|A%S¦C 



 x 
→ 
d 
c f(x, y) dy 


s y 
→ 
b 
a f(x, y) dx 



|[}| 


y%l,u 


X¦C 


lx,s 



lx 






ª& 




yll 


|"} 



}| 


y%l 


&} 


x [a, b] 


[c, d] 


s§[xlay 







A 
f = 
b 


a 


( d 


c 
f(x, y) dy 



dx = 
d 


c 


( b 


a 
f(x, y) dx 



dy , 




8% 



S<¤ 


wl 




%  


ylTl 


] 



 



 


lDw 


|A}| 


y%l,u 


X& 



8¦C 




l 


S&| 


y%lTl 



lT 




|£ 


y%l,u 


X& 


lx"x 


}TC 


lx 



yl 


X 







| 


yl 


&¦C} 


l 


8 


l 



l 


}| 


yl,u 


X@ 



|Â 


yl 


X 




| 


xy 



yw§lw 


|J 



D1 



 



S 


xl 


|C}}} 


l 


 teorema de Fubini 




X 



a 



% 


x?l 




DC} 


x,sxl 


&| 
f(x) 


g(x) 







|C}| 


lx 


| 



| 




x?l 





}| 


y%l 


& [a, b] 


s§Txl 


 A = 
(x, y): x 
[a, b] ; f(x) < 
− y < 
− g(x) 




 f 


lx 


| 



}| 





A 


sxlay 







A 
f = 
b 


a 


( g(x) 


f(x) 
f(x, y) dy 



dx . 





} 



& 




y%lsxl 


&| 
f(y) 


g(y) 







|C}| 


lx 


,| 



}| 




x`l 




]}| 


yl 


&} 


[c, d] 


sA§xl 


A = 
(x, y): y 
[c, d] ; f(y) < 
− x < 
− g(y) 




 f 


lx 


| 



}| 





A 



xlay 







A 
f = 
d 


c 


( g(y) 


f(y) 
f(x, y) dx 



dy . 


Ejercicios.– 1 



!¾óc 


4Ï . 




A = [0, 1] 
[0, 1] 


sl 


 cuadrado unidad 




l`y 







A 
x (x + y) dx dy = 
7 
12 . 
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2. 




 B 





% 



| 


uw 


} 


l 






 


lx (0, 0) 


s (2, 0) 


(1, 1) 




l`y 







B 
y (x + y) dx dy = 53 


24 . 


e?& 





 



& 



} 


l 


S 


x4 




S8% 



 



¦C 


lx 



3 




ô- 


ïdÇÈ 
 
c 
. 


PG¦CS&| 





@ 


l 



l 


}| 


y%l,u 


X@ 



| 



,D%8¦1#¤ 


wl 


1 


−1 
dx 
1 


x2(x2 + y) dy = 16 


15 . 


4 


e?&S 



h 






l 



y%ly 


X 


l 


 


l 






 


lx 
(0, 0, 0) 


s (1, 0, 0) 


s (0, 1, 0) 



(0, 0, 1) 



l 


S| 


ylw 


|AG| 


ylu 


 



8¦C 




5 




!7¾ó 


 . 


0D%8¦1 






u8w 





yl 




&} 



} 


sC 


 





 




y%la§ 


&G¦CS| 






8 


l 



l 


| 


yl,u 


X@ 



|ê 


1 


0 
dx 
ex 


1 
(x + y) dy = e2 − 1 


4 
. 


Cambio de variables 





# 




l[w 


|1"¦C 


ls 


- 



@ 



S 


l 


4&¦C} 


l 


%S¦A 


lJl<y 


ª 


x = g(t) 


sCx 






g 


l 


S 


xl 




,8| 


l 


% 



G|T| 



S 





8 


l 


T 




wll 


X 


b 


a 
f(x) dx = 
t1=g−1(b) 


t0=g−1(a) 
f 


g(t) 
m g 


8 (t) dt . 



 



  



&]& 



8 g 
8 (t) 


T 



|)& 



8 




yw 


 


l  


}S 



@ 



| 


l 


}| 




ywClx 


l 


}| 


yl 


&} 


x0l 




&¦C} 




wlx dx = g 
8 (t) dt 






 



G 




x0xl 


|C,}} 


sl#w 



&¦A }| 



 x = kt 


sl 


i@ 



8 k 


lxvl 


} 



&, 



|Þ 



}8¦1& 


ßs 



wlx 


b − a = 
b 


a 
dx = 
b/k 


a/k 
k dt = k 


õ b 


k − a 


k 
. 








T 


x,sl 




|C 


lx,s 



wlal 




 




l 




%S¦A 


lx,s 




&| 




xla¥ 


@ 


law 



&¦A 


l 


%S¦C 


lxTl 




 
(x, y) = G(t, s) 



l 


S&| 


y%l[w 


|A 


xDl 




@}| 


lxTl 




ª 
x = x(t, s) 


s y = y(t, s) 


sc§3x 


| 
t 
= G( 



; ) 





} 


xK 


T}|} 


xKlw 


|A 


}| 


y%l,u 


X& 





CS| (x, y) 


§Dl 




CS&| (t, s) 



lx 






 




y%lshxl 




%ÛC¤ 


wClPw 


|A 




8% 



SK  


f(x, y) dx dy = 
( 
f 


x(t, s), y(t, s) 
m H(t, s) dt ds , 



| 


l H(t, s) 


xl 




1i@ 



80 




yw 


& 


l? 


}S 



@ 



| 


lz 


 




xl 





yz 


&| 


uw 


} 


xfl 





&¦A 


slxvl 


 



SG 



|C 



| 
H(t, s) 



¤ 


wl dx dy = H(t, s) dt ds 
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 




law 


|JG¦C} 


l 


%S¦C 


lx 


}| 



 


slxvl 


 


s 




K8 


õ x 
y 


= 


õ a 
b 
c 
d 



õ t 
s 


, 


| 





a 
b 
c 
d 





r = ad − bc 
9= 0 , 


lxy 


,| 



 



8|" 


xl,uw 


X¤ 


wl#l 


1G¦C} 


lx 


| 


§l 




 


jl 


CX&| 




l 


S` 



%}Ú 


lx 2 






l 





xal 


]i@ 



8| 


x;y 


| 


yllT 


S 



@ 



| 


lWz 


 




xal 




f&¦C} 


lxl 


¿&}8 


¦ 



 


wy 



l 



ly%l 


% |1| 


yl4l 


S# 



%}Ú 


l 


C&G¦C 


s7S ad − bc 


Ss 



wlx]x 


Zt 



lx¿l 







 



 [0, 1] 
¯ [0, 1] 


l 


CS&| (t, s) 


shl 




 




l 


1 



} 



X&T 



| 



S8% 








1CS| (x, y) 




wCl#y 






TG 





 


lx 


} 








x (0, 0) 


s (a, c) 


s (b, d) 



(a + b, c + d) 


lx 
<S ad − bc 




t#x,z 


{¤ 


wClsl 


|[1 



 



S 


sxlay 






dx dy = 


S ad − bc 


S 
( 
dt ds , 


§hsl 



uw 


&T 





f(x, y) dx dy = 


S ad − bc 


S 
f(at + bs, ct + ds) dt ds , 


k#l`¥l 





s*w 


|A,8| 



}, 



| 


xw 


ÛC, 




y%l 


X¤ 


wl 


S 


x0l 




@}| 


lx0ul 




X& 


lx x = 
x(t, s) 


y = y(t, s) 


l 


Û|A&| 



Þ;¦ 


wl 




&G¦C} 


l 


¦C 


lxj 


}| 


§l 




h 


§Yl 


S 


xlaw 


| 




§<l 


d&¦C}T}|h 





* 


l 




"t 


lxs 


T 


xlalx;ywA 


 







d 






l 


%S 



%S¦C 


lx,s 



wCl x(t, s) 


y(t, s) 


yl 




&| 


l 


ª 





1S& 


lx 


| 



}| 






|t 





wlal 



ly%l 


%T}|A&| 


y%l jacobiano 


l 


S 



X&| 



V8%@ 



| 



J(t, s) = ∂(x, y) 


∂(t, s) 
= 





xt(t, s) 
xs(t, s) 
yt(t, s) 
ys(t, s) 






9= 0 


6 (t, s) 



; , 



| 


l 


} 


xxw 




{}| 



} 


lx 


| 



}| 


l 


%@ 



|I1,&: 





X&| 



S8%&, 



| 
(t, s) 
G 


→ 
(x, y) 


lx 


% 



} 



I}& 




y%ls?l 








8%| 


lw 


| 





(t, s) 



8<S 



X&| 



S8%@ 



8|J}}| 



& 



 diferencial de G 



õ dx 
dy 


= 


õ xt(t, s) 
xs(t, s) 
yt(t, s) 
ys(t, s) 



õ dt 
ds 


, 


§)l 


f&8T¦ 



 
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l 



l,yl 
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yl 


@8¦CS&| 


lxl 
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l 


}S 



@ 
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l 



 
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&| 


uw 
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y%lx 


}& 


lx d 




d 


tÓ 



` 



8% 



 


l 


1&¦A 


l 


%¦C 



1X`}| 
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X& 


lx 


8¦C 


lx0xl 




` 


wlx,s 


CS 





¦C 






y%ls 


f(x, y) dx dy = 
 
f 


x(t, s), y(t, s) 


S J(t, s) 


S dt ds , 



| 


l J(t, s) 


lxvl 



l,yl 


% }|A| 


yl 


&,8¦C&| 
∂(x, y) 
∂(t, s) 
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Ejemplo.– 





 




l 


 



{ 



} 


= {(x, y): x2 + y2 < 
− R2} 


lx 
dx dy 



P&¦CS&| 



S 


lx (r, θ) 



| 
x = r 


 


x θ 


s y = r 


xl 


| θ 


sl 


@8¦CS|C 


lx 


J(r, θ) = 






, 


x θ 
−r 


xl 


| θ 


xl 


| θ 
r 


, 


x θ 





r = r > 0 , 




d 



}| 





X&| 



S8% 







dCS| 
(r, θ) 


lx 


a; = [0, R] 
[0, 2π) 




wl,u 




 dx dy = 



r dr dθ = 
2π 


0 
dθ 
R 


0 
r dr = 
2π 


0 


R2 


2 dθ = π R2 . 


Ejercicios.– 1. 


e?}S 





 



}| 


y%l 


%}8K 



|A 



 


xll xl 


T 




lx a 


b 


&D£ 


¦CS&| 





|AG| 


yl,u 


X& 



8¦C 


lal 


|J 


y%lx 


S&|A 



| 
x = a r 


, 


x θ 


s y = b r 


xl 


| θ 



2.– 





 




l 


ST 


lu 




|)@ 





 ,|-V8% 


l 






 




yl 


%[ 



%} 



{}| 




ly%l 


£ 


T}|A 



8#S 


xvu 




ÛA 


xvl 


S 



1 



¦S 


x y2 = x 


s y2 = 2 x 


s y = x2 


l y = 2 x2 


lx 
1 
6 



3. 



 centro de gravedad 


l[w 


|H 



}| 



BCS&| 



lxDl 


v 





G(gX, gY) 


l 


ÛC| 



D8 


gX = 


x dx dy 
dx dy , 
gY = 


y dx dy 
dx dy . 



 
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l 



l 
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l 


lKl 
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lx 
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ly 
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x x = R(1 − 


 


x t) 


s y = R(t − 


xl 
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l x = 0 



x = 2πR 


lxvl 
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πR, 5 


6R 



Integrales triples 






lxw 
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 
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1X| 
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lx4 
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| 


l 




|C}| 


lx 




& 


lx4l n 


%S¦C 


lx 




S 




y%l 






T 


xvw 


|C 






DC} 





f%} 



% 


lxGxl 


|C}} 




!7c¾óc 








a
 
¡ 



X0| 




xl,uw 





scl 



% 


lx 


84#&i 



c0 



}DC 


lx 


}|A¦1 



|"C}ÚXD 


xwCx 


 



 | 


xvlt#x;y 


%| 



{ 


lvxl,uw 




a 






l 
( 


X 



Ú 




wlvxz 


} 



¦ 



{S|& 




l 




& 



} 


lPw 


|Av%¦C 


ls 



|AK© 
|A&|A 


l 


ÛC|A& 


lx4l 


 


y%w 


¦ 


ll 


c 





Ü 
 £ 
ÜÃ
 
 




y%l 


 



% 




wl 



wlll 


|£ 


| 



X 


xl4l 




C}ª¦ 


l 



ô- 


ïdÇÈ 
 







*  &¡ 


shlx]w 


|T¦ 


wl 






X}a1X# 


lx 


 






l 


v%8 


wlx;y 



sl 






}T 


z 


{ 


l 


S 


xl 



Ejemplo 1.– 



& 



4K}| 


y%l,u 


X& 



A 
(x + y + z)2 dx dy dz , 



| 


l A 



3 


lxl 



y%ly 


X 


l 


% 


l 






 


lx (0, 0, 0) 


s (1, 0, 0) 


s (0, 1, 0) 


(0, 0, 1) 



VC´¬Z®*­²*· 
´qç] 


% 


ll 


T 


xl 


 




uw 





yl 


&| 



X* 




wz 


{ A 


lxPx 


}DA 






y%lal 



| 





(x, y, z) 


3 : x > 
− 0 , y > 
− 0 , z > 
− 0 , x + y + z < 
− 1 
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|"} 








xvl A 



 



&8 


lxvl¨*y 




  


x#l x 



| 
0 


1 




X 



x 


Û; 



} 








x (x, y, z) 


lx;yz 


&| 







% 



&| 


uw 


} 



| 


l 


 



&}8 


lxl¨y 




  


xPl y 



| 


0 


1 − x 




X x 


l y 


Û; 


x,s 


 








x (x, y, z) 


lx;yz 


| 






xl,u 








| 


l z 


 



{ 


lxl 0 


 1 − (x + y) 



wCl,u 




A 
(x + y + z)2 dx dy dz = 
1 


0 
dx 
1−x 


0 
dy 
1−x−y 


0 
(x + y + z)2 dz 


= 
1 


0 
dx 
1−x 


0 


õ 1 − (x + y)3 


3 


dy = 
1 


0 


õ 1 


4 − x 


3 + x4 


12 


dx = 
1 
10 . 


Ejemplo 2.– 



K 


wl 


%Ú& 


l 




X@, 



| 



X 





8%ST¤ 


wlw 


|A 


lx 




X 


l 


X 



 
R 




w§ 


? 







& M 


xl4 



x;y 


%¦ 


w§l 


8f 








x¿l 


S?T 



a| 



|A 


l 









wClxz 


 


l 





ll 


S 




xy 


&|CST 





% 


l 


 


lx 




X 


sl 




 


lx 


8¦ 


law 


|[ 






 


y%l 


%S& 


l 


 



 m 



wlalx;yz 


D 



|A 




x;y 


&|CS r > R 


l 


 





% 


l 


S 


lx 




X 


slx 


GMm 


r2 


sAlx?l 


 


sAlx 


STT 



T 


wl 


%Ú&T¤ 


wll 




 





{ 



8¦ 


l m 



|" 





 


yl 


%S& 


P 


l 


 



 M 




y%w 








 





% 


l 


S 


lx 




Xh 


V´¬Z®*­%²· 
´qç 








% 



T 





| 


xl 



lx 


 


y%lx 


S&| 


xcl 


8% 


ul 






* 





% 


l 


S 


lx 




X 


s8l 


|T} 




wll 


 





 P 


y%l 






|A 



,h8 


l 


|A 




x (0, 0, r) 





 Q(x, y, z) 



|- 





 



&}¤ 





X 


l 


S 


lx 




X 


j x2 + y2 + z2 = ρ2 < 
− R2 



sA§-xl 


q = QP 


 




x;y 


&|CS 


l Q 


 P 




K 


wl 


%Ú 





 





8¦C 



SK 



 m 





d 





P 


8 












l 


 



dm 




y%w 








 





Q 






lsxl,uz 


|-S  


l§-lTvl 




| 






w 


  


u8w 


c 


Gm 
q2 dm = Gm 


q2 σ(ρ) dx dy dz , 



S 



 



, 



| 


l 


ST 





PQ 





wz 



s σ(ρ) = dm 


dv 


lx 


S 


l 







l 




c 






Q 






,D| 




y%lxKllx;y 


" 


wl 


%Ú 



|H 


xD 


 



,,| 


lxKl 


} 


xGl 



lx X 


Y 


xl 


&|C 



 



&|<,8|S 



8 


lx 


| 






ylx 


`Sa 


wl 


%Ú 





 





8¦ 



Sa 



 m 










 P 


8 












l 


 




l 


S 


lx 




 




y%w 








 





 Q 



} 


l,y 


% 


l 


v 





Q 



lx 







l 





Z 


sf§Wxz 


8} 


xl 





wy 


}v1X-I 



X@,, 



| 





# 


T8| 




y%l Z 


l 


SG 


wl 


%Ú& 



Gm 
q2 σ(ρ) 


 


x α dx dy dz , 



| 


l α = 


y OPQ 


s§ 


 


x α = q2 + r2 − ρ2 


2qr 


C}}| 





 teorema del coseno 



k#l 


  



J¤ 


wl 


S 


wl 


%Ú 



X 





8%S 





& 





, 



8S 


lx 




X 



8¦ 



S 


 



m 



P 


lx,s 


| 


yl,u 


X&| 





8¦ 


lay 






} 








xvl 


S 


lx 




X E 



= Gm 


2r 



E 
σ(ρ)q2 + r2 − ρ2 


q3 
dx dy dz . 
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&T 



`1 



v*@ 


l 


|A 




x polares esf´ericas 


,|< 





% 





18% 


ul 


| 




&| 



 radio ρ = 
x2 + y2 + z2 


(0, R] 



S 
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y XOQ0 


[0, 2π ) 


s 


8| 


l Q0 


lx 


C% 


§l 


 



| 


l 


1 





 Q 





1A&| 
OXY 


slxPl 


 


sl 







Q0(x, y, 0) 


s§ 


S colatitud θ = 


y ZOQ 
[0, π ] 


sl 


T 



 ¤ 


wlxlay 








x = ρ 


xl 


| θ 


 


x ϕ 
y = ρ 


xl 


| θ 


xl 


| ϕ 
y = ρ 


 


x θ 



@8¦CS|C 


llx;y 




X&| 



V8%@ 



| 


lx 


J(ρ, θ, ϕ) = 








xl 


| θ 


 


x ϕ 
ρ 


 


x θ 


 


x ϕ 
−ρ 


xl 


| θ 


xl 


| ϕ 


xl 


| θ 


xl 


| ϕ 
ρ 


, 


x θ 


xl 


| ϕ 
ρ 


xl 


| θ 


 


x ϕ 


 


x θ 
−ρ 


xl 


| θ 
0 







= ρ2 


xl 


| θ > 0 , 


l 


  



 ¤ 


wCl 


= Gm 


2r 


2π 


0 
dϕ 
R 


0 
σ(ρ) ρ2 dρ 
π 


0 


q2 + r2 − ρ2 


q3 


xl 


| θ dθ 


= πGm 


r 


R 


0 
σ(ρ) ρ2 dρ 
π 


0 


q2 + r2 − ρ2 


q3 


xl 


| θ dθ . 


e? 



&T 


xl 


|SI}| 


ylu 


X?}| 


y%l 


%}8 



`G¦C} 


l 


¦C 


θ 
→ q 





)@S 




S@ 



| 


j:ul 


 


ly 


% q2 = r2+ρ2−2rρ 


, 


x θ 






|C 


lx,s 2q dq = 2rρ 


xl 


| θ dθ 




lxw 




&| 




= πGm 


r2 


R 


0 
σ(ρ) ρ dρ 
r+ρ 


r−ρ 


q2 + r2 − ρ2 


q2 
dq 


= πGm 


r2 


R 


0 
σ(ρ) ρ 


¸ q − r2 − ρ2 


q 


r+ρ 


r−ρ 
dρ 


= Gm 


r2 4π 
R 


0 
σ(ρ) ρ2 dρ = GmM 


r2 
, 



wlxs 


}| 


y%l,u 


X&| 





&G¦C 



|"84&G¦C}S 


lxPlx 




% 


x,s 


M = 


E 
σ(ρ) dx dy dz = 
2π 


0 
dϕ 
π 


0 


xl 


| θ dθ 
R 


0 
ρ2 σ(ρ) dρ 


= 4π 
R 


0 
ρ2 σ(ρ) dρ . 


Ejemplo 3.– 
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n 




} 





}|A& 


l 


S n 



lx 




X x2 
1 +x2 
2 +. . .+x2 
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− R2 


lx,s 


1 n 
2H 



Vn = 
πn/2 Rn 


(n/2) Γ(n/2) , 




yz 


%T}| 


x4l 


K 



|C 



|-~a  


l 






 


144 C´ALCULO INTEGRAL 


Desigualdades. (Una lectura recomendada) 
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« 
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| 


lt 




&} 




xK 


| 


l xll 
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lx 



uw 


 
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uw 
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Desigualdad de Young 



 φ(x) 
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% 
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X 



 
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=6 
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− 


a 


0 
φ(x) dx + 
b 
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xl 
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uw 
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Desigualdad de H¨older 
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l¨ 
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( β 


α 
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r r ds 
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  




wl 
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q < ∞ 
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l 
p > 1 


1 
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|C 
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β 
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− 
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p 
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q 


Desigualdad de Minkowski 
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z 




} 




y%l 




 
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§y 
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p < ∞ 
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